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Abstract
The dimensional reduction technique is adopted to derive string effective action. Worm-
hole solutions corresponding to space-time geometries R1×S1×S2 and R1×S3 are presented.
The duality and SL(2, R) symmetries are implemented to generate new wormhole solutions.
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1
The topology changing processes play a very important role in quantum gravity and
their effects are surprising [1]. It has been argued that such processes give rise to loss of
quantum coherence [2]. On the other hand, Coleman has advocated that the the wormholes
introduce quantum indeterminacy [3] in constants of Nature. Thus it has been proposed that
the fundamental constants are endowed with a probability distribution function for universes
and it is necessary to take ensemble average over all the universes while computing them [4].
The consequences of topology changing processes have attracted considerable attention in the
recent past and have been explored extensively [5]. If the wormhole corresponds to a saddle
point of the Euclidean action, then the semiclassical approximations can be employed in order
to facilitate computations of vertex operators and correlation functions in the path integral
formalism [6]. Indeed, axionic wormhole solutions have been found by Giddings and Strominger
[1] in four dimensions for effective actions that arise in string theories. These actions are to
be envisaged as derived from tree level effective action of bosonic/heterotic string theories in
critical dimensions where the internal dimensions are compactified on suitable geometries.
Recently Schwarz and one of us [7] have employed the Scherk-Schwarz [8] dimensional
reduction technique in order to derive string effective action in lower dimensions and to in-
vestigate the origin of the noncompact symmetries in string theory. The approach generalises
the results of Veneziano and collaborators [9] where the backgrounds are allowed to carry time
dependence only.
The purpose of this note is to employ the techniques of Ref. [7] to construct four dimen-
sional string effective action and seek for wormhole solutions. Indeed, we present the existence
of several wormhole solutions and show how new wormhole solutions can be generated by
implementing the rich symmetry structure of the reduced action, demonstrating the elegance
and power of the technique.
We outline below the main results of this investigation. First we present a wormhole solu-
tion for the geometry R1×S1×S2. When the coordinate corresponding to the S1 is taken to
be compact, then the wormhole solution is analogous to the 2+1 dimensional magnetic worm-
2
hole. Next recall the known wormhole solution [1] in our formalism giving the explicit form of
the background fields. The target space duality trnsformation on a wormhole, characterized
by the axionic charge, Q, generates another wormhole with a different charge. We would like
to mention that besides duality there is an SL(2, R) symmetry of the 4-dimensional effective
action and the SL(2, R) transformation generates wormhole with different axionic charge.
Let us recall the main results of Ref. [7] and set the notations. The bosonic part of the
effective action of the heterotic string in Dˆ = D+ d Euclidean dimensions (Dˆ = 10 for critical
case) is,
Sgˆ =
∫
dDˆx
√
gˆ e−φˆ
[− Rˆ(gˆ)− gˆµˆνˆ∂µˆφˆ∂νˆ φˆ+ 1
12
Hˆµˆνˆρˆ Hˆ
µˆνˆρˆ
]
. (1)
Hˆ is the field strength of antisymmetric tensor and φˆ is the dilaton. Here we have set all the
nonabelian gauge field backgrounds to zero. When the backgrounds are independent of the
‘internal’ coordinates yα, α = 1, 2..d and the internal space is taken to be torus, the metric gˆµˆνˆ
can be decomposed as
gˆµˆνˆ =
(
gµν + A
(1)γ
µ A
(1)
νγ A
(1)
µβ
A
(1)
να Gαβ
)
, (2)
where Gαβ is the internal metric and gµν , the D-dimensional space-time metric, depend on
the coordinates xµ. The dimensionally reduced action is,
Sgˆ =
∫
dDx
√
g e−φ
{
−R− gµν∂µφ∂νφ+ 1
12
Hµνρ H
µνρ
− 1
8
tr(∂µM
−1∂µM) +
1
4
F iµν(M−1)ijFµνj
} . (3)
Here φ = φˆ− 12 log detG is the shifted dilaton.
Hµνρ = ∂µBνρ − 1
2
AiµηijF jνρ + (cyc. perms.),
F iµν is the 2d-component vector of field strengths
F iµν =
(
F
(1)α
µν
F
(2)
µνα
)
= ∂µAiν − ∂νAiµ , (4)
3
A
(2)
µα = Bˆµα +BαβA
(1)β
µ (recall Bαβ = Bˆαβ), and the 2d× 2d matrices are
M =
(
G−1 −G−1B
BG−1 G−BG−1B
)
, η =
(
0 1
1 0
)
. (5)
The action (3) is invariant under a global O(d, d) transformation
M → ΩMΩT , ΩT ηΩ = η, Aiµ → ΩijAjµ, Ω ∈ O(d, d). (6)
Note that M ∈ O(d, d) also and MT ηM = η. The background equations of motion can be
derived from (3). The classical solutions of string effective action correspond to different string
vacuua and are given by solutions for M ,F and φ.
In what follows, we assume D=4 and d=6 so that Dˆ=10 (critical dimensions) and derive
wormhole solutions in four dimensions.
R1 × S1 × S2 Wormholes: Let us choose the backgrounds Gαβ , Bαβ, φ, and Aiµ to be
constants. The action (3) reduces to
S4 =
∫
d4x
√
g
{
−R+ 1
12
Hµνρ H
µνρ
}
. (7)
We choose the following ansatz for the 4-dimensional metric and the antisymmetric tensor
field strength;
ds2 = dt2 + dr2 +R2(r)dΩ22 Htθφ = 2R0 sin θ dt ∧ dθ ∧ dφ. (8)
The coordinate t has a range [0, 2pi]. The (rr) Einstein equation becomes,
R′2 = 1− R
2
0
R2
. (9)
Here and everywhere prime denotes derivative with respect to r. The solution R2 = R20 + r
2,
has R(r)→ ±r for large r, corresponding to the two asymptotically flat Euclidean regions, and
has throat size R0. The other three Einstein equations and the H equations are automatically
satisfied for this ansatz. The volume integral of H is the axionic charge, Q, proportional to
R0.
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Notice that if t is identified as a compact coordinate the Btφ component has the inter-
pretation of a gauge field such that A=(0,0,2R0(1-cosθ)). The corresponding field strength,
F 2=8R20/R
4, is analogous to that of a magnetic monopole with above ansatz (8) for H. Thus
we recover the 2+1 dimensional monopole solution of Gupta et al. [10].
In Ref. [11], wormhole solutions with R1 × S1 × S2 geometry was derived with matter
content of antisymmetric and gauge field. The monopole like solution presented here is different
from those of Ref. [11].
R1 × S3 Wormholes: This is another four dimensional solution discovered by Giddings
and Strominger [1] . Effective action is same as (7), but now the solution has different topology
viz. R1 × S3. The line element and the H are given by
ds2 = dr2 +R2(r)dΩ23, Hθψφ = 2
√
3R20 sin
2 θ sinψ dθ ∧ dψ ∧ dφ. (10)
The (rr) metric equation becomes,
R′2 = 1− R
4
0
R4
. (11)
Again the solution has R2(r) → r2 for large r, corresponding to the two asymptotically flat
Euclidean regions with a throat size R0.
Next, we choose the background φ=const. and set Hµνρ=0 and Aiµ=0. The spherically
symmetric ansatz is chosen for Gαβ and Bαβ and the 6 × 6 matrix is represented as three
blocks of 2× 2 matrices of the following form.
G+B =

Σ1 0 00 Σ2 0
0 0 Σ3

 , Σj =
(
eλjDj(r) aj(r)
−aj(r) eλjDj(r)
)
, (12)
no summation over the repeated index j is understood above. The effective action (3) takes
the form
S4 =
∫
d4x
√
g
[
−R+ 1
2
grr
3∑
j=1
{
λ2j(∂rDj)
2 + e−2λjDj (∂raj)
2
}]
(13)
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The equations of motion are as follows
Grr = Rrr − 1
2
grrR =
1
4
3∑
j=1
{
λ2j (∂rDj)
2 + e−2λjDj (∂raj)
2
}
, (14)
Gii = Rii − 1
2
giiR = −1
4
giig
rr
3∑
j=1
{
λ2j (∂rDj)
2 + e−2λjDj (∂raj)
2
}
, i = θ, ψ, φ (15)
∂r(
√
ggrre−2λjDj∂raj) = 0, (16)
and
∂r(
√
ggrrλj∂rDj) +
√
ggrre−2λjDj (∂raj)
2 = 0. (17)
We mention in passing that equations (16) and (17) hold for each j=1,2 and 3; moreover these
equations represent the axionic charge conservation and the dilaton evolution respectively.
Whereas eqns. (14) and (15) are Einstein equations. The choice,
ds2 = dr2 +R2(r)dΩ23 (18a)
e−2λjDj =
Q2j
R4
, aj = ± i
Qj
R2R′ (18b)
with the relation R′2 = 1− R40
R4
, satisfies all the equations of motion. Where R(r) is the scale
factor and R0 gives size of the wormhole neck.
It is worthwhile to point out that the axionic background envisaged above has some
similarity with the axion solution adopted by Giddings and Strominger [12]. However, our
backgrounds arise from the prescriptions of toroidal compactifications [7]. On the other hand,in
Ref. [12], the antisymmetric tensor field, Bαβ, associated with the internal dimensions, are
the fundamental Ka¨hler forms of the internal dimensions and their x and y dependence are
decomposed in a specific manner.
Symmetries of the effective action: (i) The action (13) is invariant under global O(6, 6)
transformation for space-time dependent G and B. The manifestly O(6, 6) invariant action
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can be obtained by expressing (13) in terms of M as in (3). The duality transformations
M → ηMη = M−1 is a special form of the above global noncompact transformations. The
new backgrounds (duality transformed) a˜j and D˜j are given by
e−2λjD˜j = (eλjDj + e−λjDja2j )
2 =
(
R40
Q2j
)2
e−2λjDj , (19a)
a˜j = −(eλjDj + e−λjDja2j )−1e−λjDjaj = −
Q2j
R40
aj . (19b)
It is interesting to note that for Qj = R
2
0 the axionic charges of the original theory and the
transformed theory are the same. Thus such a value of Qj corresponds to a self dual theory.
(ii) Furthermore the same action (13) is invariant under the global SL(2, R) transforma-
tions. The SL(2, R) symmetry of the string effective action in 4-dimensions has been recently
discussed [13]. Let us define the matrix
Sj =
(
eλjDj + e−λjDja2j e
−λjDjaj
e−λjDjaj e
−λjDj
)
(20)
The action (13) can be rewritten in terms of Sjs as
S4 =
∫
d4x
√
g
[
−R− 1
4
grr
3∑
j=1
{
tr(∂rSj∂rS
−1
j )
}]
(21)
The action (21) is invariant under the SL(2, R) transformations S → S˜ = T TST where T
is the SL(2, R) matrix. It should be understood that there is an SL(2, R) for each Sj . The
SL(2, R) symmetry discussed in [13]arises by combining the dilaton and the axion (dual to
H field) system and implementing a transformation involving both the fields. In contrast,
the SL(2, R) symmetry presented here involves the fields Dj and aj , both arising from the
toroidal compactification.Conesequently we can generate new backgrounds a˜ and D˜ through
the implementation of SL(2, R) transformations. A special such transformation,
T =
(
0 1
−1 0
)
, (22)
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takes S → S−1. This transformation is same as the target space duality transformation
discussed above. Notice however, that the SL(2, R) transformations discussed here is in fact
a subgroup of the global O(6, 6) alluded above. The invariance of the action under the afore
mentioned SL(2, R) is due to the specific decomposition of the background fields adopted in
(12). u
We would like to point out that the R1 × S1 × S2 wormhole derived from (7) can be
considered from another compactification mechanism. We could consider an effective action
for a closed bosonic string in critical dimensions such that fourteen of its ‘internal’ dimensions
are flat. Subsequently, the remaining eight internal dimensions are decomposed into four blocks
analogous to eqn. (12). Thus we could obtain four dimensional R1 × S1 × S2 wormholes with
nontrivial B and G backgrounds [14].
The following remarks are in order at this stage: It is now recognised that string theory
naturally incorporates gravity and is expected to address and resolve deep questions in quan-
tum gravity [15]. As noted earlier the wormholes might play important role in quantum theory
of gravity. We have shown that dimensionally reduced string effective action admits wormhole
solutions and we have demonstrated how to generate new solutions. In the recent past new
cosmological [16], and black hole [17] solutions have been obtained through judicious choice
of O(d, d) transformations. We have employed only a special class of O(d, d) transformations
to obtain new solutions as illustrative examples. It is quite evident that full O(d, d) as well
as SL(2, R) transformations will unravel a more rich class of solutions in addition to ones
presented here.
Acknowledgements: We are thankful to S. Kar and A. Kumar for useful discussions.
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